Abstract How many beds must be allocated to a specific clinical ward to meet production targets? When budgets get tight, what are the effects of downsizing a nursing unit? These questions are often discussed by medical professionals, hospital consultants, and managers. In these discussions the occupancy rate is of great importance and often used as an input parameter. Most hospitals use the same target occupancy rate for all wards, often 85%. Sometimes an exception is made for critical care and intensive care units. In this paper we demonstrate that this equity assumption is unrealistic and that it might result in an excessive number of refused admissions, particularly for smaller units. Queuing theory is used to quantify this impact. We developed a decision support system, based on the Erlang loss model, which can be used to evaluate the current size of nursing units. We validated this model with hospital data over the years [2004][2005][2006]. Finally, we demonstrate the efficiency of merging departments.
, level of care (e.g. intensive, medium and normal care units) or urgency (elective, urgent, and emergency care units). We state that the distribution of hospital beds over the different nursing units is to a great extent based on historically obtained rights. A well-founded quantitative approach is often lacking when hospital management decides about the number of beds. Capacity planning issues are primarily driven by available budgets and target occupancy levels instead of service level standards (e.g. percentage of refused admissions, waiting time etc.).
In addition, there are certain data-issues to mention. The registration in Dutch hospitals is based on the following production parameters: number of admissions, day treatments (normal and heavy), nursing days, and number of out-patient visits. The available budget is primarily based on these parameters via contracts with health insurers. Using these parameters for quantitative analysis of patient flow (e.g. resource allocation issues) is delicate and care is required in doing this. In this paper some new concepts and measurements needed to perform a well-founded analysis of in-patient flow are introduced.
The main contribution of this paper is threefold. First, we provide a comprehensive data analysis for 24 clinical wards in a university medical center. We analyze both the number of admissions and the length of stay distribution to obtain insight in the key characteristics of in-patient flow. Moreover, we present occupancy rates for all wards to indicate the bed utilization.
Our second goal is to demonstrate that in-patient flow can be described by a standard queuing model (Erlang loss model). This queuing model may therefore be an important tool in supporting strategic and tactical managerial decisions considering the size of hospital wards. For instance, the model can be used to determine the number of required operational beds and, hence, the corresponding annual budgets.
The third goal is to illustrate the impact of in-patient flow characteristics on ward sizes. The model provides great additional insight in the specific situation at hospital wards where variation in demand is such an important characteristic. It reveals the non-linear relation between the size of a unit, the probability of a refused admission and the occupancy rate. This matter is often not recognized by hospital professionals.
Given the situation where medium and small sized hospital wards operate independently, the model directly underlines the occurrence of operational problems such as unavailability of beds. Moreover, using the model, we illustrate and quantify the potential improvement of operational efficiency by merging clinical wards.
Finally, this queuing model is implemented in a decision support system. This provides hospital management a powerful instrument to evaluate the current size of nursing units and to quantify the impact of bed reallocations and merging of wards.
Terminology and definitions
The structural model of the patient flow through a clinical ward is shown in Fig. 1 . The different flow parameters are described below. In the next section these parameters are quantified.
Fig. 1 Structural model of patient flow through a clinical ward
Arrivals From the left in Fig. 1 patients arrive to the system and are admitted if there is a free bed available. An arriving patient who finds all beds occupied is refused and leaves the system. We distinguish scheduled and unscheduled arrivals.
Refused admissions If all beds are occupied the patient is 'blocked' and is counted as a refused admission. In practice, a refused admission can result in a diversion to another hospital or an admission to a non-preferable clinical ward. Many wards have to deal with refused admissions due to unavailability of beds. The number of refused admissions can be interpreted as a service level indicator and is important for the quality of care. As this number is hard to measure we do not know how many patients are turned away. In Sect. 4.2 we demonstrate a method to approximate the number of refused admissions.
Admissions Hospitals keep record of the number of admissions. The total amount of admissions is equal to the sum of a number of production parameters such as admissions, day treatments, and transfers (patients coming from another medical discipline). The patients of one medical discipline are often spread over several wards. For example, cardiac patients can be admitted at the normal care clinical ward, the coronary care unit or first cardiac aid. In order to analyze specific wards and evaluate their performance we have to do some basic data manipulation to get the correct flow parameters on the level of nursing units ), see Sect. 3.1.
Length of stay
The time spent in the ward is entitled length of stay, often abbreviated as LOS, after which the patient is discharged or transferred to another ward. The LOS is easily derived from the hospital information system as both time of admission and time of discharge are logged on individual patient level. Length of stay is affected by congestion and delay in the care chain (Koizumi et al. 2005) , which means that careful interpretation is required, see Sect. 3.2.
Beds The capacity of a ward is measured in terms of operational beds. The number of operational beds, a management decision, is used to determine the available personnel budget. This is done via a staffing ratio per operational bed (e.g. 1 full time equivalent (fte) per normal care bed). The number of operational beds is generally fixed and evaluated on a yearly basis.
From day to day, the actual number of open or staffed beds slightly fluctuates (due to illness, holiday and patient demand) (Green et al. 2007) . Note that the number of physical bed positions is not necessarily equal to the number of operational beds; for most wards the number of physical beds is larger.
Data analysis
Computerized records of all admissions to 24 clinical wards in a university medical center, both normal care (NC) and intensive care units (ICU), have been analyzed over the years [2004] [2005] [2006] . These data were used to quantify the number of admissions (Sect. 3.1), length of stay (Sect. 3.2), and occupancy rate (Sect. 3.3). Due to the specific ward characteristics we did not include the emergency department (ED), first cardiac aid (FCA), and short stay unit (SSU) in this study. Table 1 gives an overview of the wards included and the corresponding number of operational beds. (Young 1965) . Table 2 summarizes the number of annual admissions. In 2006 approximately 45% of all admissions were unscheduled. This fraction of unscheduled admissions ranges from 7% for hematology to 84% for obstetrics.
Scheduled admissions
The total number of scheduled (or elective) admissions over the years [2004] [2005] [2006] was respectively 17969, 17101, and 18001. For each ward we constructed histograms with the daily number of scheduled admissions on the horizontal axis and the frequency (number of days in a year that this number of daily admissions occurred) on the vertical axis. gives an example for the normal care hematology, where the observed admission pattern is compared with the Poisson distribution. The average number of scheduled arrivals per day (parameter λ) equals 4.664. Clearly, the Poisson distribution does not give a good fit. A possible explanation is that elective patients are generally admitted during weekdays (Mon-Fri) and hardly in the weekend (SatSun). This explains the peak bar at "0", corresponding with the weekend days. Therefore we split the scheduled admissions in weekdays and weekends. See Fig. 3 for the results. Since the average number of arrivals per day during the weekend is very small for most clinical wards, we focus here on the number of arrivals during weekdays.
For a Poisson random variable, the mean and variance are equal. As a first quantitative indication for the variability in the number of arrivals, we determined the ratio of the variance in the number of arrivals and the average number of arrivals per weekday (this ratio is 1 for a Poisson random variable).
For hematology, this variance/mean ratio equals 6.435/5.764 = 0.896. Using the data of 2005, the variance/mean ratio ranges from 0.658 to 1.759 for the 24 wards, indicating at least that the number of scheduled arrivals is highly variable. This fact is rather remarkable (2005) and also reported in other studies (Walley et al. 2006) . Most professionals would expect the elective patient flow to be more steady.
In Appendix A some results can be found on formal statistical tests to assess the goodness of fit. The general conclusion is that for roughly half of the 24 wards the scheduled admissions, if separated in weekdays and weekends, are described well by a Poisson distribution. We like to stress that for practical purposes it is not required that the number of admissions exactly follows the laws of the Poisson distribution. The key point for practical modeling purposes is that the variability in the number of admissions is generally well captured by the Poisson distribution, making this a reasonable assumption for the remaining wards as well. This is also exemplified by the stationary peakedness approximation for G/G/s/s queues, where the variability in the arrival process is approximated using the variance to mean ratio (Whitt 1984 ).
An interesting article (Gallivan 2008) , recently published, challenges the view that modeling should necessarily be subject to formulaic calibration, validation and sensitivity analysis to establish 'accuracy'. In this paper the author recalls the quote, "All models are wrong, but some are useful", of George Box, an eminent statistician. We believe that the model presented in Sect. 4 provides valuable insight when determining the number of beds required at a specific hospital ward. In their role as hospital consultants, the authors have broad experience in advising management on capacity decisions. The model, although not formally validated, has been proven useful for both hospital professionals and management and contributes to better decision making.
Unscheduled admissions
The total number of unscheduled (urgent and emergent) admissions over the years 2004-2006 was respectively 13578, 15352, and 14996 . In studies of unscheduled admissions the assumption of a Poisson arrival process has been shown to be realistic (Young 1965) .
We constructed the same histograms as for the scheduled arrivals, thus the number of daily admissions is plotted on the x-axis and the frequency (number of days) on the y-axis. Figure 4 gives an example for the medical intensive care unit (2005) .
The statistical tests also show that the Poisson distribution provides a good fit, see Appendix A. Intuitively, it is obvious that unscheduled arrivals are independent, because one emergency admission does not have any effect on the next one. Therefore, the assumptions for a Poisson process seem realistic.
Length of stay
In this section the length of stay (LOS) is examined. First, in Sect. 3.2.1, some key statistics such as the average length of stay (ALOS) and the coefficient of variation are specified for each ward. In Sect. 3.2.2 the LOS distribution is characterized by Lorenz curves and the related Gini-coefficient is introduced. This representation is deliberately chosen as we find it supportive in visualizing the variation in LOS which is an important characteristic of in-patient flow.
Basic LOS statistics
In Table 3 the basic LOS statistics are summarized. In 2006 the ALOS over 24 wards was approximately 4 days, ranging from 1.5 days (obstetrics) to 7.8 days (neonatal intensive care unit). This average is calculated over all admitted patients, thus including day treatments. The coefficient of variation, defined as the ratio of the standard deviation to the mean, is greater than 1 for all wards, except for the special care cardiac surgery. This shows that the LOS at clinical wards is highly variable. This result is also found by Green and Nguyen (2001) . The Gini-coefficient will be introduced below.
Lorenz curves
The Lorenz curve is a graphical representation of the cumulative distribution function of a probability distribution. This concept was introduced to represent the concentration of wealth (Lorenz 1905) . We use it to illustrate that those patients with prolonged hospital stay take a disproportional part of the available resources. The percentage of patients is plotted on the x-axis, the percentage of resource consumption (in terms of hospitalized days) on the y-axis. Figure 5 gives the Lorenz curves with the lowest and highest Gini-coefficient for the year 2006, respectively the special care cardiac surgery and normal care hematology.
The Gini-coefficient (denoted as G) is a measure of the dispersion of the Lorenz curve (Gini 1912) . It is defined as a ratio with values between 0 and 1; the numerator is the area between the Lorenz curve of the distribution and the uniform distribution line; the denominator is the area under the uniform distribution line. Thus, a low Gini-coefficient indicates that the variability in LOS is low, while a high Gini-coefficient indicates a more variable distribution. The following formula was used to calculate the Gini-coefficient for each clinical ward,
with n number of admitted patients to a ward y i the observed LOS values in ascending order, where
In Table 3 all Gini-coefficients (G) are specified. For 2006, the minimum is 0.343 for the special care cardiac surgery and the maximum is 0.805 for the NC hematology. Figure 5 clearly shows the different shape of the two curves. Lorenz curves are very useful in identifying those patients with prolonged hospital stay and their disproportional resource consumption. It also illustrates the difference in LOS-characteristics between clinical wards. We note that in general a model based on fixed lengths of stay is not capable of describing the complexity and dynamics of in-patient flow and gives misleading results, also known as the flaw of averages ). Note that this definition of occupancy, which is very common from the perspective of operations research and management science, is not used in most Dutch hospitals. The current national definition is based on 'hospitalized days', which is an administrative financial parameter . Under the latter definition occupancy rates greater than 100% are possible which makes the discussion confusing. In our opinion, the definition presented above gives the best insight in the actual utilization of the available capacity. Therefore, this definition is used in this study. 
Discussion data analysis
In this section we performed an analysis of patient flow characteristics of 24 clinical wards in a university medical center. From the data analysis we found that the number of unscheduled arrivals can be well described by a Poisson distribution. For roughly half of the wards, the Poisson distribution also provides a good fit for scheduled arrivals in case these are split between weekdays and weekends. Given the variability in the number of scheduled arrivals for the remaining half of the wards, the Poisson distribution is a very reasonable simplifying assumption for these wards as well, capturing the apparent fluctuation in the number of scheduled arrivals.
In the sequel, we assume that arrivals occur according to a homogeneous Poisson process and determine the arrival rate using the average number of arrivals per day. In the present paper, we intentionally choose not to model the time-dependent arrival pattern, mainly for practical purposes such as simplicity. A time-dependent model is too refined for our main objective, which is supporting strategic and tactical managerial decisions on sizing hospital wards. A time-dependent model may be primarily used to exploit structural differences in bed occupancy across the week, which is important on the operational level, such as nurse rostering. We note that ignoring this time-dependent arrival pattern leads to a slight underes-timation of the average number of required beds. Nevertheless, this impact on the required number of operational beds, and thus personnel budget, is rather limited in most cases.
In other papers these time-varying aspects within service systems are described and its impact (for example on setting staffing requirements) is further quantified (Davis et al. 1995; Green et al. 2007 ). The impact of a time-varying arrival rate on refused admissions, specifically for in-patient flow, is also described in literature (Bekker and de Bruin 2009) .
A second main reason for ignoring the difference between weekdays and weekends is due to the simplicity of use for analysis and implementation. A relatively easy model is effective in developing insight between the size of clinical ward and the feasibility of occupancy rates in relation to the probability of a refused admission, which is another main goal of this study.
Mathematical model
In this section the mathematical (queuing) model is described. Recall that we introduced the incidence of refused admissions in our structural model (Fig. 1) . Thus, we assume that an arriving patient who finds all beds occupied is blocked and leaves the system. In practice, a refused admission can result in a diversion to another surrounding hospital or an admission to a non-preferable clinical ward within the same hospital.
There are also studies in which delay models, such as the M/M/s queuing model, are applied for capacity planning problems in hospitals (Green 2002; Green and Nguyen 2001) . Arriving patients enter a queue when all beds are occupied. The probability of delay is an important performance measure is this type of analysis. Other studies apply an infinite server approach (Gallivan et al. 2002) . In this approach the main outcome parameter is the probability of overload when the number of required beds exceeds the number of operational beds. Due to our experience in a university hospital, where diverting patients is a serious issue, we chose to incorporate blocking. For that reason, we applied the M/G/c/c (or Erlang loss) queuing model. To our knowledge, this is the first time that the Erlang loss model is applied in this context.
The M/G/c/c queuing model
In the M/G/c/c model patients arrive according to a Poisson process with parameter λ. The LOS of an arriving patient is independent and identically distributed with expectation μ. We note that the average service time is often defined as 1/μ * where μ * is the service rate in case of exponentially distributed service times. The number of operational beds is equal to c. There is no waiting area, which means that an arriving patient who finds all beds occupied is blocked. The fraction of patients which is blocked can be calculated with the following formula,
Note that this particular model is insensitive for the LOS-distribution and is valid for general service times. The occupancy rate is defined as,
This is equivalent to the expression at the beginning of Sect. 3.3. The term λ·μ is often referred to as the offered load to the system.
Approximating the number of arrivals
In order to apply the Erlang loss model and for purposes of validation we need to quantify the number of arrivals (λ). As the hospital information system only registers the number of admissions and the number of refused admissions is generally unknown we have to approximate λ. This can be accomplished by using expressions (i) and (ii). First, the numerator in (ii) is equal to the average number of occupied beds,
Average number of occupied beds
Then, after substitution of P c using (i), we get the following expression,
The average number of occupied beds can be obtained from the hospital information system. Furthermore, the number of beds (c) and the ALOS (μ) are known variables. After substitution in (iii) λ is the only parameter left unknown. Finally, the number of arrivals is determined numerically for all clinical wards.
Validation
In the previous section we approximated λ using the Erlang loss equation. The assumptions for this model regarding the arrival process (Poisson) and the LOS distribution (general) are discussed in Sect. 3. One of the main objectives of this study is to approximate the number of required beds at a clinical ward. Therefore, we first have to determine the distribution of the number of occupied beds. In Fig. 6 the observed number of occupied beds (at 08.00 am) is compared with the Erlang loss model, as an example, for three wards. The loss model curve has been curtailed at the number of operational beds which was respectively 26 (Neurology), 6 (CCU) and 14 (Ophthalmology). Figure 6 reveals that on some days the number of occupied beds exceeds the number of operational beds. This means that when patient demand is high, ward management can decide to temporarily open an extra few beds. Of course this puts the available staff under great working pressure and is only possible for wards where the number of physical bed positions exceeds the number of operational beds, also see Sect. 2. Furthermore, the model seems reasonable for the NC Neurology and the CCU but is fairly poor for the NC Ophthalmology. These figures were created for all 24 wards to identify how good the Erlang loss model fits the observed number of occupied beds. To quantify the goodness of fit we introduced a validation measure. First we define,
• P i = probability that i beds are occupied in the Erlang loss model • Preal i = probability that i beds are occupied in reality
The final formula above is used to compare the possible different situations with a fully occupied ward. Remind that in practice the number of occupied beds may occasionally exceed the number of operational beds, whereas this is not possible in the Erlang loss model.
To compare to what extent the empirical distribution and the bed occupancy distribution given by the Erlang loss model are similar, we define our performance measure for the goodness of fit as the sum of the absolute differences between the two probabilities:
In terms of distribution functions, our measure can thus be interpreted as the amount of probability mass that the empirical and Erlang loss based distribution have in common. Therefore, the measure is a number between 0 and 1, where 0 indicates a very poor fit (no probability mass in common) and 1 means the probabilities are equal for all number of occupied beds (exact match between distribution functions). We note that this measure for goodness of fit is inspired on the average absolute prediction error (Kleijnen et al. 2000) . The outcome of this measurement for all 24 wards is presented in Table 5 . The average goodness of fit is 0.86 meaning that the empirical and model-based bedoccupancy distributions have on average 86% of the probability mass in common. For most wards, the model describes the number of occupied beds very well, especially those with a high percentage of unscheduled admissions (Obstetrics, CCU and internal medicine). However, for a couple of wards the fit is rather poor (NC hematology and Ophthalmology). See Fig. 7 for a general overview.
Another important and more general observation is that the variability in both the number of arrivals per day and LOS results in large workload fluctuations, i.e. a considerable variability in bed occupancy. Therefore, the occurrence of both over and underutilization is inevitable and flexibility in workforce planning at clinical wards is crucial.
Decision support system
One of the objectives of this study was to develop a decision support system (DSS) upon which hospital management can make well founded decisions about hospital ward size. The model has to be user-friendly and technologically accessible. Encouraged by the validation of the Erlang loss model in the previous section we implemented this queuing model in MS Excel using Visual Basic for Applications (VBA). Historical data of admissions, ALOS and number of operational beds are automatically imported from the hospital information system to calculate the occupancy and to approximate the number of arrivals. The tool can be used for both evaluating the current size of nursing units and determining the impact of merging departments. This last feature is important as the potential increase in productivity is substantial if economies of scale are applied properly.
Evaluating the current size of clinical wards
First, the current size of the hospital wards is evaluated. For each ward the number of arrivals is determined as described in Sect. 4.2. Then the number of required beds is computed for three levels of blocking (2, 5, and 10%). See Table 6 for the results. Which percentage of blocking (or refused admissions) is reasonable and thus acceptable is subject to discussion. Hospital policy makers often refer to a 5% target but the consequence of such a choice in terms of capacity requirements is very often not recognized. Table 6 reveals that for a 5% target the total number of required beds over 24 wards is approximately 500 which is not far off the number of operational beds in 2006, which is 507. In Fig. 8 the number of operational beds is compared with the number of required beds for each ward (5% blocking).
The ratio (required beds/operational beds) varies from 0.71 to 1.67. In other words, some wards have too many beds while others have a serious shortage. This unequal allocation of beds is also reflected in the range of occupancy rates (Table 4) and is subject to discussion by hospital professionals and management.
The impact of merging departments on efficiency
In most queuing systems economies of scale occur, which means that larger service systems can operate at higher occupancy rates than smaller ones while attaining the same percentage of blocking or delay (Whitt 1992) . Figure 9 illustrates the dramatic impact for the situation in most Dutch hospitals where ward sizes are relatively small and dispersed and where the 85% target occupancy rate has developed into a golden standard. In Fig. 9 two graphs are shown for varying ward sizes (2 ≤ c ≤ 60):
1. The percentage of refused admissions given that the occupancy rate (ρ) equals 85% 2. The occupancy rate for a maximum of 5% refused admissions Especially smaller units, such as the CCU (6 operational beds), have trouble keeping a bed available for an arriving patient. If the probability of a refused admission has to be kept low (for example 5%) the occupancy rate drops below 50% (see Fig. 9 , graph 2). Off course this is not a very economical way to use a scarce and expensive resource such as hospital beds. Li et al. studied the relation between profits and occupancy rates in more detail using a multi-objective bed allocation model (Li et al. 2008) . If economies of scale are applied properly, by merging departments (bed pooling) or mixing patient flows, both an acceptable service level (in terms of refused admissions) and an economical viable occupancy rate can be realized.
Case study
In this subsection an example is described in which the DSS can be used to explore the potential benefit of merging departments. We do this by virtually merging the coronary care unit (CCU), medium care (MC) and the special care cardiac surgery (SC) because the level and type of care is similar. By selecting different units the user can experiment easily and fast with different scenarios in the DSS. Table 7 summarizes the statistics for 2006. The results of the scenario where these three units are merged is also presented in this table.
In the current situation these three units have 21 beds together and the fraction of refused admissions ranges from 5.61% (SC) to 26.2% for the CCU. The total number of required beds, for 5% refused admissions at each ward, is 29. After the merge the total number of required beds for this same service level (5% blocking) is 22, just one more bed than the number of beds at this moment. Thus, the improvement in operational efficiency is significant, and can be attained by just creating a larger scale.
Conclusion
In this study we applied the Erlang loss (or M/G/c/c) model for describing in-patient flow through a hospital ward. Historical data of 24 wards over the years [2004] [2005] [2006] were used to analyze the arrival process and length of stay distribution. The assumptions of the model for in-patient flow hold for most clinical wards. Our measure for the goodness of fit of the model, in terms of number of occupied beds, was 0.86 on average (0 = poor, 1 = perfect), indicating that the Erlang loss model is an accurate description of the number of occupied beds. The relation between the size of a hospital unit, the target occupancy rate, and probability of a refused admission is probably the most important lesson learned.
Then this standard queuing model was implemented in MS Excel to make a decision support system, which is both user-friendly and technologically accessible. With this tool one can easily evaluate the current size of nursing units. Also, the effect of merging departments on operational efficiency can be quantified. In a hospital where wards are relatively small and distributed over the different medical disciplines it is practically impossible to operate at both an acceptable service level, in terms of low blocking probability, and a high occupancy rate. When budgets get tight and the number of hospital admissions is increasing we have to seriously investigate the benefits of merging departments or mixing patient flows. Of course, due to the far-reaching specialization, especially in university hospitals, this merging has a limit. Nevertheless, we believe there is still a great potential in efficiency gain for most hospitals.
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